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ABSTRACT
A truncation of string field theory is compared with the duality
invariant effective action of D = 4, N = 4 heterotic strings to
cubic order. The three string vertex must satisfy a set of com-
patibility conditions. Any cyclic three string vertex is compatible
with the D = 4, N = 4 effective field theory. The effective actions
may be useful in understanding the non–polynomial structure and
the underlying symmetry of covariant closed string field theory,
and in addressing issues of background independence. We also
discuss the effective action and string field theory of the N = 2
string.
1e-mail address: GIVEON@IASSNS.bitnet
1 Introduction
The low–energy effective action of string theory is derived from string field
theory (SFT) by integrating out massive modes of the string field (see for
example ref. [1] for a review). In SFT different classical solutions correspond
to string propagation in different backgrounds. A property of string theory
is the possibility to deform a given vacuum continuously. In four dimensions
such deformations correspond to changing the vacuum expectation values of
massless scalars with a flat effective potential.
Modes that are not massless in a given vacuum, may become light at
some other points of the moduli space of string backgrounds. To obtain
effective theories compatible with the global structure of the moduli space
of backgrounds, one should integrate out only ultra–massive modes, that is,
modes that remain massive in all backgrounds. Alternatively, one may use
restrictions deduced from space–time supersymmetry in order to find the
structure of the effective actions [2].
A (successful) covariant string field theory of closed strings has been
discussed recently [3, 4]. Yet, the invariance principle that needs a non–
polynomial nature of the covariant SFT and the issue of background inde-
pendence are not clear. Under the weak assumptions of ref. [5], a covariant
string field theory of closed strings is necessarily non–polynomial just as Ein-
stein’s theory of gravity. The necessity of higher–point interactions may be
an indication of the existence of a nontrivial invariance principle that needs
a nonlinear expression to become manifest.
Background independence means that a SFT formulated around a given
background is equivalent to a SFT formulated around any other backgrounds.
In other words, different classical solutions of a given SFT should interpolate
between string field theories formulated in different backgrounds. Practically,
however, deforming a classical string field solution relating two backgrounds
is hard (see for example ref. [6]). This is mainly due to the existence of an
infinite number of string oscillation modes.
As any off–shell formulation, string field theory is not uniquely defined.
The three string interaction is described by the three string vertex, and the
vertex is defined by an off–shell formulation of the three–point function in
the 2 − d conformal field theory. A symmetric overlap three string vertex
appears to be a canonical choice that is simple, but it would be interesting to
examine the other possibilities. Even a symmetric vertex can be defined by
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different maps of three semi–infinite cylinders (or unit discs) to the sphere.
(String field theories formulated with different vertices appear to be related
by a field redefinition [7].)
In this paper we study the compatibility conditions of string field theory
and effective actions of point particles to cubic order. This can be used as a
‘test’ for different formulations of SFT, and may be helpful in understand-
ing the non–polynomial structure in covariant SFT of closed strings and its
(possible) invariance principle, as well as addressing issues of background
independence.
The effective actions discussed in this work are particular ones. We start
in section 2 with the D = 4 heterotic string in toroidal backgrounds. In
four dimensions the effective action is a gauged N = 4 supergravity with
matter. The action is restricted as a consequence of space–time supersym-
metry, and one is only left with the freedom to choose the set of matter
multiplets and the gauge algebra. Keeping a one to one correspondence with
the string states that may become light at some point of the moduli space of
toroidal background, the number of matter multiplets is infinite, and an infi-
nite dimensional gauge symmetry (called the ‘duality invariant string gauge
algebra’) is introduced [2]. A short review of a completely duality invariant
effective action of N = 4 heterotic strings is presented in section 2.
Once the structure constants of the gauge algebra are given, the scalar
potential is fixed. Expanding the scalar potential in physical fields around
zero cosmological constant minima gives rise to a non–polynomial potential.
The quadratic term gives the correct mass spectrum of the corresponding
string modes; this is described in ref. [2]. In this work we focus on the cubic
terms and compare them to the cubic interaction in string field theory.
In section 3 we present the three string vertex and the string field in
toroidal backgrounds. We then truncate the string field to modes that may
become light somewhere in the moduli space of toroidal backgrounds. Com-
patibility with the effective action of N = 4 heterotic strings is then trans-
lated into a set of conditions, that should be satisfied by the lower modes of
the three string vertex (namely, by the Neumann coefficients N00, N01 and
N11). In section 4 we prove that any cyclic three string vertex obey the
conditions, and therefore, a cyclic vertex is compatible with the effective
action.
In section 5 we discus the effective action of the N = 2 string in compari-
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son with the N = 2 string field theory. In toroidal backgrounds, a truncation
of the N = 2 string field to modes that may become light include, essentially,
all the modes that may become physical in toroidal backgrounds. This is pe-
culiar to N = 2 strings which, therefore, may be used as a simple laboratory
to more complicated string theories.
In section 6 we present a discussion about this work and some open ques-
tions. Finally, in a set of appendices we present some useful formulas, and
discuss two examples.
2 A Completely Duality Invariant Effective
Action of N = 4 Heterotic Strings
In this section we present a short review of a completely duality invariant
effective action. We then expand the scalar potential in physical fields to
cubic order.
The construction of a completely duality invariant effective action of the
D = 4, N = 4 heterotic string is presented in ref. [2] using the structure of
gaugedN = 4 supergravity with matter [8], obtained through superconformal
methods by coupling a number of N = 4 vector multiplets to the N = 4
superconformal gauge multiplets. Here we present only some points relevant
for the discussion in section 3; for more details we refer the reader to ref. [2].
The important point is that the form of a gauged D = 4, N = 4 super-
gravity (with at most two space–time derivatives) coupled to matter multi-
plets is almost uniquely fixed: it is completely determined by the knowledge
of the gauge group [8]. Thus one has only the freedom to choose the right
set of matter multiplets and the correct gauge group in order to figure out
completely the low–energy effective action of the string.
The scalar fields which are relevant for D = 4 low–energy physics ZSa ,
a = 1, ...6, S = 1, ...,∞ will be labeled as follows:
Zba , Z
I
a , Z
p
a ,
p ∈ Γ6,22, p2 = 2 , a, b = 1, ..., 6, I = 1, ..., 22, (2.1)
where Γ6,22 is an even self–dual lorentzian lattice of signature (6,22). The
momentum p = (pL, pR) has 6 left–handed components p
a
L, a = 1, ..., 6, and
22 right–handed components pIR, I = 1, ..., 22. This is the Narain lattice of
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the string toroidal compactification [9]. The scalar product is lorentzian
pq = −
6∑
a=1
paLq
a
L +
22∑
I=1
pIRq
I
R, (2.2)
where L (R) denote left–handed (right–handed) momenta. The indices (b, I)
refer to Cartan sub–algebra, while the p indices are lorentzian length two
generalized roots (and therefore their number is infinite).
The structure constants of the duality invariant gauge algebra which are
relevant for D = 4 low–energy physics are
fpqr = ǫ(p, q)δp+q+r,0, fIpq = pIδp+q,0, fapq = paδp+q,0,
p2 = q2 = r2 = 2. (2.3)
The two cocycle ǫ(p, q) satisfies the identities
ǫ(p, q)ǫ(p+ q, r) = ǫ(p, q + r)ǫ(q, r),
ǫ(p, q) = (−1)pqǫ(q, p), ǫ(p,−p) = 1,
ǫ(p, q) = ǫ(q,−p− q). (2.4)
The structure constants fRST in (2.3) are completely antisymmetric. In-
dices are lowered and raised with the metric ηST defined by
ηab = −δab, ηIJ = δIJ , ηpq = δp+q,0. (2.5)
In the Poincare´ gauge it turns out that six of the vector multiplets serve
as “compensating” multiplets, absorbing redundant superconformal symme-
tries. The compensators Zba in (2.1) can be solved in terms of the physi-
cal fields ZIa and Z
p
a . This is done by using the SO(6) symmetry and the
quadratic constraint (originated by selecting the Poincare´ gauge and elimi-
nating the Lagrange multiplier auxiliary fields)
ηSTZ
S
a Z
T
b = −δab, (2.6)
where ηST is given in (2.5). Therefore, the fields Z
S
a can be regarded as the
first six rows of an SO(6,∞) matrix.
The complete action of a gauged N = 4 supergravity coupled to matter
is given in ref. [8]. Here we present only the scalar potential
V (Z) =
1
4
ZQUZSV (ηTW +
2
3
ZTW )fQSTfUVW , (2.7)
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where
ZQS =
∑
a
ZQa Z
S
a . (2.8)
The simplest zero cosmological constant minima of the potential (2.7) lie
in the Cartan sub–algebra. Let us expand the scalar fields around a vacuum
expectation value (VEV) in the Cartan sub–algebra,
ZSa = C
b
aδ
S
b + C
I
aδ
S
I + z
S
a , (2.9)
where Cba, C
I
a , a, b = 1, .., 6, I = 1, .., 22, are constants and the constraint (2.6)
is satisfied. A rotation of ZSa to
(Z ′)S
′
a = Z
S
aM
S′
S, (2.10)
whereM ∈ SO(6,∞), preserves the scalar quadratic constraint (2.6). Chang-
ing the VEV of the scalar fields to new ones in the Cartan sub–algebra can
be done by a rotation in SO(6, 22) ⊂ SO(6,∞).
Under the orthogonal transformation (2.10), the potential V transforms
into
V ′ =
1
4
(Z ′)QU(Z ′)SV (ηTW +
2
3
(Z ′)TW )fQSTfUVW
=
1
4
ZQUZSV (ηTW +
2
3
ZTW )f ′QSTf
′
UVW , (2.11)
where
f ′QST = (M
−1) T
′
T (M
−1) Q
′
Q fQ′S′T ′M
S′
S. (2.12)
Thus changing the VEV of the Higgs fields in the Cartan sub–algebra is
equivalent to a transformation of the structure constants (2.3), given by an
SO(6, 22) rotation of Γ6,22 (i.e. a rotation of the “momenta” labels p). This
transformation is an isomorphism of the gauge algebra.
Using the field redefinition described above, one can always choose a zero
cosmological constant minimum to lie at
Zba = δ
b
a, a, b = 1, .., 6,
ZIa = 0, I = 1, ..., 22, Z
p
a = 0 ∀p ∈ Γ6,22. (2.13)
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Expanding the scalar potential (2.7) around the point (2.13) one finds
the quadratic and cubic terms
V (z) =
1
2
∑
p,a,b
[(papa)zpb z
−p
b − papbzpaz−pb ]
+
1
2
∑
p,q,r,a,b,c
δp+q+r,0 ǫ(q, p)(p− r)bδaczpazqbzrc
+
∑
p,I,a,b,c
pIpaδbcz−pc (z
p
b z
I
a − zpazIb ) + o(z4). (2.14)
The duality invariant string gauge algebra requires the introduction of
extra fields, in order to complete the algebra defined by the structure con-
stants (2.3) to a Lie algebra. These extra fields replace higher spin fields of
the string spectrum, and they are ultra–massive for all backgrounds (namely,
for any VEV of the scalar fields). We, therefore, have truncated out these
fields by setting z = 0 in V (z) for fields that are ultra–massive at all toroidal
compactifications.
The quadratic term in (2.14) gives the correct mass spectrum of the cor-
responding string modes [2]. The field pazpa in V (z) is the Goldstone boson.
In the next section we will check the compatibility of the cubic terms in V (z)
(2.14) with the three string vertex in string field theory.
3 The Three String Vertex and Effective Cu-
bic Interaction
In this section we present the three string vertex and the string field in
toroidal backgrounds. We then derive the effective cubic interaction for
N = 4 heterotic strings, and study compatibility conditions with the ef-
fective action described in section 2. Finally, we discuss two examples.
3.1 The Three String Vertex and the String Field in
Toroidal Backgrounds
The three string vertex in string field theory (SFT) is derived from the off–
shell definition of the three–point functions on the sphere. We regard the
sphere as the complex plane with a point at ∞, and introduce a coordinate
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z. Any choice of three punctures are conformally equivalent to one another, so
one can take z = 0, 1,∞ (for a cyclic vertex it is sometimes more convenient
to choose different punctures; this is discussed in section 4). Correspondingly
we introduce three local coordinates zi(z)(i = 1, 2, 3) as three local functions
of z. We arrange that each puncture corresponds to the origin of a local
coordinate, i.e.
z1(0) = 0, z2(1) = 0, z3(∞) = 0. (3.1)
If the vertex is cyclic (namely, invariant under a cyclic transformation of
1,2,3), the coordinates z2 and z3 are defined in terms of z1 as [5]
z2(z) = z1(1− 1
z
), z3(z) = z2(1− 1
z
) = z1(
1
1− z ). (3.2)
We introduce a parameter a given by the expansion of z1(z):
z1(z) = az + ... (3.3)
The off–shell three–point function is now defined to be
Vijk =< 0|h3(Vi(0))h2(Vj(0))h1(Vk(0))|0 >, (3.4)
where hi are the inverse maps
hi ≡ (z−1i , z¯−1i ). (3.5)
When the vertex operators Vi in (3.4) correspond to primary fields, the off–
shell three–point function is
Vijk = limǫ→0 h′3(ǫ)
dih′2(ǫ)
djh′1(ǫ)
dk < 0|Vi(h3(ǫ))Vj(h2(ǫ))Vk(h1(ǫ))|0 >,
(3.6)
where h′ = |∂h|2, and di is the conformal weight of the vertex Vi.
The cubic interaction in string field theory is given by
S3 =
g
3
123 < V ||Ψ >1 |Ψ >2 |Ψ >3, (3.7)
where |Ψ > is the string field, and 123 < V | is the three string vertex. The
vertex is constructed such that when contracted with three string field modes
it gives the corresponding off–shell three–point function Vijk in (3.4). In
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toroidal background, the three string vertex can be given in the form (see for
example [10]):
123 < V | = 123 < 0|eE123ǫ(p2, p3)(...). (3.8)
The expression for E123 is:
E123 =
1
2
∑
r,s=1,2,3
∑
n,m≥0
(
∑
a
N rsnmα
a(r)
n α
a(s)
m +
∑
I
N¯ rsnmα¯
I(r)
n α¯
I(s)
m ). (3.9)
The index a refers to left–moving coordinates and the index I refers to right–
moving coordinates similar to the notation used for the effective action in
section 2. The operators αa(r)n in (3.9) are the modes of the left–handed
coordinate XaL of the r’th string; the operators α¯
I(r)
n are the modes of the
right–handed coordinate XIR of the r’th string. The modes obey the commu-
tation relations
[αa(r)n , α
b(s)
m ] = nη
abδrsδn+m,0, [α¯
I(r)
n , α¯
J(s)
m ] = nη
IJδrsδn+m,0 (3.10)
The zero mode operators get values in the even–self dual lorentzian lattice
when acting on |0 >123 (see appendix A), namely,
(α
a(r)
0 (pr), α¯
I(r)
0 (pr)) ≡ (pa(r)L , pI(r)R ), (3.11)
where (pL, pR) is a lorentzian momentum in the Narain lattice of compact-
ification. The two cocycle ǫ(pr, ps) in (3.8) obeys the relations (2.4); the
momenta pr are the lorentzian momenta of the r’th string. Finally, the
dots in (3.8) refer to delta functions of left–right level matching conditions
(L0 = L¯0), and momentum conservation (p1 + p2 + p3 = 0), and to ghost
factors which are not important for our discussion.
The Neumann coefficients N rsnm (and their complex conjugates N¯
rs
nm) in
E123 (3.9) depend on the off–shell definition of the three point function (3.4),
namely, they are defined in terms of the maps hi (3.5). The Neumann co-
efficients N rsnm with n,m > 0 are invariant under SL(2, C) transformations
of z [11]. The coefficients N rs00 , N
rs
0m, and N
rs
n0 can be redefined by making
use of momentum conservation. With the use of momentum conservation
these coefficients are also SL(2, C) invariant. The formulas for the Neumann
coefficients of the closed string vertex (as contour integrals over functions of
h and h′) appear for example in [4]. For a cyclic vertex, the N ’s are given in
terms of one function h (see section 4).
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In toroidal backgrounds, the string field |Ψ > can be expanded in terms
of the Fock space states
|Ψ >= |T > +|ZL > +|ZR > +|ZLR > +... (3.12)
(Here we ignore the ghosts in |Ψ >.) The state |T > corresponds to the
tachyon mode
|T >= ∑
p2=0
Tp|p >, (3.13)
where p2 = p2R − p2L. (The tachyon does not appear when we discuss the
heterotic string). The states |ZL > correspond to the first left–moving exci-
tations
|ZL >=
∑
a,p2=2
Zapα
a
−1|p >, (3.14)
and the states |ZR > correspond to the first right–moving excitations
|ZR >=
∑
I,p2=−2
ZIp α¯
I
−1|p > . (3.15)
(The states |ZR > do not appear when we discuss the heterotic string).
Similarly, the states |ZLR > correspond to
|ZLR >=
∑
a,I,p2=0
ZaIp α
a
−1α¯
I
−1|p > . (3.16)
In the Fock space expansions (3.13)–(3.16) we have restricted to states
satisfying the left–right level matching condition, and for that purpose we
sum over momenta with particular lorentzian length appropriate to each
mode. The modes which do not satisfy the left–right level matching condition
are projected out anyway when contracted with |V >123. The dots in (3.12)
correspond to higher excitation modes of the string; we did not keep them
as they do not appear in low–energy effective actions. In other words, we
truncate massive modes that remain massive at all toroidal backgrounds.
To end this sub–section, we remark that a truncation of massive modes
by setting them to zero is consistent if we deal with cubic interactions only.
However, in case one is interested in higher order interactions of light modes,
the propagation of ultra–massive modes usually contributes to the ampli-
tudes. One should then integrate out the ultra–massive modes properly in
order to derive the correct effective action.
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3.2 The Effective Cubic Interaction and Compatibility
Conditions for N = 4 Heterotic Strings
We are now ready to present the part of the cubic interaction (3.7) which
is relevant for low–energy effective actions of N = 4 heterotic strings. After
some straightforward calculations one finds
S3 =
g
3
{123 < V ||ZL >1 |ZL >2 |ZL >3 +123 < V ||ZL >1 |ZL >2 |ZLR >3
+ 123 < V ||ZL >1 |ZLR >2 |ZL >3 +123 < V ||ZLR >1 |ZL >2 |ZL >3)}+ ...
=
g
3
∑
p1,p2,p3,a,b,c
δp1+p2+p3,0 e
E00ǫ(p2, p3)Γabc{Zap1Zbp2Zcp3
+
∑
I,r=1,2,3
(N¯1r10p
I
rZ
aI
p1
Zbp2Z
c
p3
+ N¯2r10p
I
rZ
a
p1
ZbIp2Z
c
p3
+ N¯3r10p
I
rZ
a
p1
Zbp2Z
cI
p3
)},
(3.17)
where the lorentzian length is p2r = 2 in Z
a
pr and p
2
r = 0 in Z
aI
pr , and
Γabc =
∑
r
(N3111N
2r
10p
b
rη
ac +N3211N
1r
10p
a
rη
bc +N2111N
3r
10p
c
rη
ab)
+β
∑
r,s,t
N1r10N
1s
10N
1t
10p
a
rp
b
sp
c
t . (3.18)
In (3.18) β = 1 (0) for the bosonic (heterotic) string; this is explained later.
Some formulas that are useful for the calculation of (3.17) are given in ap-
pendix A.
The factor eE00 in (3.17) is given by
E00 =
1
2
∑
r,s
(N rs00pL(r)pL(s) + N¯
rs
00pR(r)pR(s)). (3.19)
For a cyclic vertex one can use momentum conservation to bring N rs00 into
the form (see section 4):
N rs00 ≡ δrsN00 = −δrsloga, (3.20)
where a is defined in (3.3). One finds
eE00 = a
− 1
2
∑3
r=1
p2
L(r) a¯
− 1
2
∑3
r=1
p2
R(r). (3.21)
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This ‘scaling–factor’ is a result of the h′ appearing in the off–shell three–point
function (3.6) (we call it a scaling–factor because a → λa under the scale
transformation h→ λ−1h).
Next we discuss briefly the property of a heterotic string field |Ψ >
(in the Neveu–Schwarz sector). The string field in (3.12) is presented for
bosonic modes. For the heterotic string, however, the right–handed modes
are bosonic while the left–handed modes correspond to a fermionic string.
Therefore, the expansion of the string field in Fock space states includes
fermionic modes as well. The Fock space of a fermionic string includes modes
in different pictures (the picture presented in (3.12) is the 0–picture). In ad-
dition, the string vertex includes both bosonic and fermionic ghost factors.
A proper cancelation of the ghost factors requires that a three–point func-
tion is computed with two modes in the (−1)–picture, and one mode in the
0–picture. One then finds that the only difference in the off–shell three–point
function compared to a computation in the 0–picture is the cubic ppp term
in (3.18), namely: β = 1 for the bosonic string while β = 0 for the heterotic
string.
To compare with the duality invariant effective action of N = 4 heterotic
strings the following should be done. The left–moving index a is split into an
internal index a = 1, ..., 6 and a space–time index µ = 1, ..., 4. Similarly, the
right–moving index I is split into the internal index I = 1, ..., 22 and a space–
time index. The D = 4 space–time can be regarded as a decompactification
limit of the toroidal background. The space–time dependence of the fields and
the space–time derivatives then appear correctly after performing a Fourier
transform from momentum space to coordinate space. Here we restrict the
discussion to the scalar fields Z with internal indices only. We are thus
comparing the part of S3 in (3.17) that is relevant for low–energy with the
scalar potential V (Z) (2.7). Moreover, we should restrict to fields ZaIp with
p = 0 only, since the fields ZaIp with p 6= 0 remain ultra–massive in D =
4 (they may become light only in the decompactification limit of internal
coordinates).
After doing all that, we find that manifest compatibility with the scalar
potential (to cubic order) is translated into the following conditions for the
Neumann coefficients (modulo redefinitions of N rs00 and N
rs
01 using momentum
11
conservation; this will be discussed in more detail in section 4):
N1211N
33
01 + cyclic = 0, (3.22)
N1211 (N
13
01 +N
23
01 ) + cyclic = 0, (3.23)
(N¯1301 − N¯2301 )[N1211 (N1301 −N2301 ) +N2311 (N1101 −N2101 ) + N1311 (N1201 −N2201 )]
+ cyclic = 0, (3.24)
N1211 (N
23
01 −N1301 )
(
eN¯00 + N¯2301 − N¯1301
)
+ cyclic = 0, (3.25)
|a| = 1 (i.e. Re N00 = 0), (3.26)
where X(1, 2, 3) + cyclic ≡ X(1, 2, 3) + X(2, 3, 1) + X(3, 1, 2) (this is only
done for the upper indices).
The first condition (3.22) means that a term pb2δ
aczp1a z
p2
b z
p3
c is absent in
V (z) (2.14) (the momenta p, q, r in (2.14) are replaced with p1, p2, p3, re-
spectively). Such a term can always be removed by the use of momentum
conservation p2 = −p1−p3. In other words, the Neumann coefficients N rr01 can
be redefined to 0 by making use of momentum conservation p1 = −p2 − p3
for the term p1α
(1) in E123 etc., and therefore, condition (3.22) is always
satisfied.
Conditions (3.23)–(3.25) specify the correct relative factors between dif-
ferent cubic terms in V (z). The second condition (3.23) means that the
relative factor between the terms pb1δ
aczp1a z
p2
b z
p3
c and p
b
3δ
aczp1a z
p2
b z
p3
c in V (z) is
correct. However, this relative factor can always be fixed by using momen-
tum conservation and the properties (2.4) of the two cocycle which lead to
the identity
∑
p1,p2,p3,a,b,c
δp1+p2+p3,0 ǫ(p2, p1)(p1 + p3)
bδaczp1a z
p2
b z
p3
c = 0. (3.27)
A three string vertex should therefore satisfy only the conditions (3.24)–
(3.26). The third condition (3.24) means that the relative factor between the
terms zpaz
I
b and z
p
b z
I
a in (2.14) is correct, and the fourth condition (3.25) means
that the relative factor between the terms zp1a z
p2
b z
p3
c and z
−p
c z
p
az
I
b in V (z) is
correct. (In deriving condition (3.25) we have used the identity (3.27)).
12
Conditions (3.24),(3.25) are satisfied by any cyclic three string vertex
(this is shown in section 4). The last condition, however, is somewhat special:
cyclic vertices may violate only the condition |a| = 1 (3.26). In other words,
after solving p2R(r) in terms of p
2
L(r), the term (3.21) gives rise to a factor
|a|−
∑3
r=1
p2
L(r), (3.28)
which is, apparently, the only difference between effective cubic interactions
derived from different cyclic three string vertices. 2 However, this factor
can be eliminated by performing an appropriate field redefinition; 3 this is
demonstrated within the examples below.
3.3 Examples
In this sub–section we discuss two examples. The first is the Witten vertex
[12]; it corresponds to the choice (see for example ref. [5])
z1(z) = iα
(1 + t)3/2 − (1− t)3/2
(1 + t)3/2 + (1− t)3/2 = α
3
√
3
4
z + ...,
t = i
√
3
z
z − 2 . (3.29)
This is the natural extension of the covariant open string field theory vertex.
With the standard normalization α = 1, the entire sphere is covered by three
unit discs {|zi| ≤ 1, i = 1, 2, 3}, where zi are given in (3.1),(3.2). With this
normalization a = 3
√
3
4
in (3.3).
The Neumann coefficients for Witten vertex were computed for the open
string in [13], and can be computed for the closed string following the dis-
cussion in section 4 below (see appendix B). In both cases the Neumann
coefficients are
N rs00 = δ
rslog(
4
3
√
3
), (3.30)
N2101 = N
32
01 = N
13
01 = −N1201 = −N2301 = −N3101 =
2
3
√
3
, N rr01 = 0, (3.31)
2 When pL includes space–time momenta in addition to internal momenta, then the
factor (3.28) is 1 on–shell.
3 This was pointed out to me by B. Zwiebach.
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N1211 = N
13
11 = N
23
11 =
16
27
, N rr11 = −
5
27
. (3.32)
The Neumann coefficients (3.30),(3.31),(3.32) obey the conditions (3.22)–
(3.25). However, condition (3.26) is not satisfied because |a| 6= 1 in (3.29).
Inserting the Neumann coefficients in S3 (3.17), and truncating the string
field to the modes Zpa , Z
aI
p=0 ≡ ZIa , one finds that the cubic interaction in a
SFT based on Witten vertex is
S3(Z) =
g′
3
{1
2
∑
p1,p2,p3,a,b,c
|a|−
∑3
r=1
p2
L(r) ×
δp1+p2+p3,0 ǫ(p2, p1)(p1 − p3)bδacZp1a Zp2b Zp3c +∑
p,I,a,b,c
|a|−2p2LpIpaδbcZ−pc (ZpbZIa − ZpaZIb )}. (3.33)
Here we have used the lorentzian scalar product (2.2) and the values p2 = 2 in
Zpa in order to solve p
2
R in terms of p
2
L, and consequently g
′ = 8
3
94
g. Except for
the factor |a|−
∑3
r=1
p2
L(r) (in the second sum in (3.33) |a|−
∑3
r=1
p2
L(r) = |a|−2p2L),
S3(Z) (3.33) equals to the cubic term in the scalar potential V (z) (2.14).
The extra factor |a|−
∑3
r=1
p2
L(r) can be eliminated by an appropriate field
redefinition. This is done as follows: the truncated action derived from SFT
is of the form
S(Z) =
1
2
∑
p
p2ZpZ−p
+
g
3
∑
p,q
f(p, q)e−A(p
2+q2+(p+q)2)ZpZqZ−p−q. (3.34)
By defining
Zp = zp − g
3
∑
q
[f(p, q)e−A(p
2+q2+(p+q)2) − 1]
p2
zqz−p−q for p 6= 0,
Z0 = z0, (3.35)
the action (3.34) becomes
S(z) =
1
2
∑
p
p2zpz−p +
g
3
∑
p,q
f(p, q)zpzqz−p−q + o(z4). (3.36)
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After performing this field redefinition, the action derived from SFT (3.33),
equals to the scalar potential V (z) in (2.14) to cubic order.
Nevertheless, the simplest way to get rid of the factor |a|−
∑3
r=1
p2
L(r) is to
define the three string vertex with a map z1(z) = e
iφz + ...., namely, |a| = 1.
A simple vertex of this type is the SCSV vertex [14]; it is defined by the map
z1(z) = z. (3.37)
The map z3(z) = h2(z) =
1
1−z in (3.2),(3.5) is the SL(2, C) transformation
sending ∞ → 0, 0 → 1, 1 → ∞. This vertex is cyclic but not symmetric
under all permutations. The Neumann coefficients for the open string were
computed in [15], and can be computed for the closed string following the
discussion in section 4 below (see appendix C). For the closed string the
Neumann coefficients are
N rr01 = N
rr
11 = 0, N
rs
00 = δ
rslogi,
N2101 = N
32
01 = N
13
01 = i, N
12
01 = N
23
01 = N
31
01 = 0,
N1211 = N
13
11 = N
23
11 = −1. (3.38)
It turns out that only conditions (3.22) and (3.23) are violated; but these are
not important, as explained in sub–section 3.2.
The SCSV vertex is an example of a cyclic three string vertex that sat-
isfies conditions (3.24)–(3.26). Therefore, it is compatible with the N = 4
supergravity coupled to matter effective field theory. In the next section we
show that all the cyclic vertices are compatible with the N = 4 effective
action.
4 A Cyclic Vertex is Compatible with Effec-
tive Actions
In this section we prove that any cyclic three string vertex obey the condi-
tions (3.24),(3.25). Therefore, a cyclic vertex is compatible with the effective
action.
We start with a symmetric vertex, namely, a vertex that is invariant under
any permutation of the three strings. In particular, the vertex is cyclic. To
derive the conditions on the functions hi in (3.5), it would be simpler to
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work with the three punctures at z = 1, ρ, ρ¯, where ρ = e
2pii
3 .4 In this case,
a cyclic permutation P123 of the punctures is given by a multiplication by ρ,
and therefore, h1, h2, h3 are given in terms of a single function h:
z = h1(z1) ≡ h(z1), z = h2(z2) = ρh(z2), z = h3(z3) = ρ¯h(z3),
(4.1)
such that
h1(0) = 1, h2(0) = ρ, h3(0) = ρ¯. (4.2)
It is convenient to define a function O(z) and expansion parameters a1, a2
by
h(z) = eO(z), (4.3)
where
O(z) = a1z + a2z
2 + o(z3),
h(z) = 1 + a1z +
1
2
a21z
2 + a2z
2 + o(z3). (4.4)
The group of permutations S3 is generated by the cyclic transformation
P123 and one permutation, say P23. The map P23 exchanges ρ with ρ¯ leaving
the point z = 1 fixed. This map is
P23 : z → z′ = 1
z
. (4.5)
The choice of h1 cannot be arbitrary; a constraint comes from P23. In terms
of z1 the map P23 must be a phase rotation. Since P
2
23 = 1, the only choice
of phase is by a minus sign, and therefore h satisfies
h(z) =
1
h(−z) . (4.6)
The condition (4.6) implies that O(z) is an odd function, and in particular
a2 = 0.
We are now ready to calculate the Neumann coefficients. For the closed
string vertex, N rs00 , N
rs
01 , N
rs
11 are given by (see for example [4])
N rr00 = logh
′
r(0),
4 This was suggested to me by K. Ranganathan and B. Zwiebach.
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N rs00 = log(hr(0)− hs(0)), for r 6= s,
N rs01 = N
sr
10 =
∮ dz
2πi
1
z
h′s(z)
i
hr(0)− hs(z) ,
N rs11 =
∮ dz
2πi
1
z
h′r(z)
∮ dw
2πi
1
w
h′s(w)
−1
(hr(z)− hs(w))2 , (4.7)
where each contour surrounds the origin of the integration variable 5.
Using (4.1),(4.2) and (4.4) one finds for a symmetric vertex
N1100 = loga1, N
22
00 = loga1 +
2πi
3
, N3300 = loga1 −
2πi
3
,
N2100 = N
12
00 + πi = log
√
3 +
5πi
6
, N2300 = N
32
00 + πi = log
√
3 +
πi
2
,
N1300 = N
31
00 + πi = log
√
3 +
πi
6
, (4.8)
N rr01 = −i
1
2
a1, (4.9)
N2101 = N
13
01 = N
32
01 =
a1√
3
e−
pii
3 ,
N1201 = N
31
01 = N
23
01 =
a1√
3
e−
2pii
3 , (4.10)
N rs11 =
a21
3
for r 6= s (4.11)
In (4.8)–(4.11) we have used the numerical values 1 − ρ = |1 − ρ|e−πi/6 and
|1 − ρ| = √3. The parameter a1 in (4.8)–(4.11) is defined in eq. (4.4). In
deriving the result (4.9) we have used the fact that a2 = 0 in (4.4); the other
results do not depend on the invariance of the vertex under P23 (i.e., cyclic
symmetry is sufficient to derive all but eq. (4.9); we will discuss the case
a2 6= 0 later).
To compare with the Neumann coefficients derived for Witten vertex
given in (3.30), (3.31), and (3.32), we have to redefine the N ′s in (4.8)–
(4.11) by using p1 + p2 + p3 = 0. (We know that the Neumann coefficients
5 There is a factor of −i in N01 and a factor of −1 in N11 relative to ref. [4]; it comes
from a relative i factor in the definition of α1 and α0.
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must be invariant under SL(2, C) transformations, up to a redefinition of
N rs00 and N
rs
01 by making use of momentum conservation [11]). For N
rs
00 one
finds
E00 =
1
2
∑
r,s=1,2,3
(N rs00pL(r)pL(s) + N¯
rs
00pR(r)pR(s))
=
1
2
[(log
a1√
3
)
3∑
r=1
p2L(r) + (log
a¯1√
3
)
3∑
r=1
p2R(r)], (4.12)
and therefore, the redefined N00 are
redefined N00 :
N rs00 ≡ δrsN00 = δrslog
a1√
3
. (4.13)
We have thus recovered eq. (3.20) if we identify
a =
√
3
a1
. (4.14)
(The parameter a is defined by expending z1 = h
−1
1 (z) (3.3), and therefore
is proportional to the inverse of a1. An illustration of the relation between
the parameters a and a1 is given for Witten vertex in appendix B.)
In the same way, by using p1 + p2 = −p3, p1 + p3 = −p2, p2 + p3 = −p1
we can redefine N rs01 s.t. N
rr
01 = 0. One finds
∑
r,s=1,2,3
N rs01prα
(s)
1 =
1
2a
{α(1)1 (p2− p3) +α(2)1 (p3− p1) +α(3)1 (p1− p2)}, (4.15)
and therefore, the redefined N01 are
redefined N01 :
N2101 = N
13
01 = N
32
01 = −N1201 = −N3101 = −N2301 =
a1
2
√
3
=
1
2
a−1 =
1
2
eN00 ,
N rr01 = 0 (4.16)
The Neumann coefficients N01 are therefore related to N00. The N11’s are
also related to N00:
N1211 = N
13
11 = N
23
11 =
a21
3
=
1
a2
= e2N00 . (4.17)
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Using the redefined Neumann coefficient (4.13), (4.16), and (4.17) one
finds that the conditions (3.22)–(3.25) are satisfied. We thus conclude that
any symmetric three string vertex is compatible with the cubic interaction
of the effective action.
We end this section showing that in fact any cyclic three string vertex
is compatible with the effective action. In the following we show that the
absence of a z2 term in O(z) (4.4) (namely, a2 = 0) is necessary only for the
redundant conditions (3.22) and (3.23) to hold. If a2 6= 0, one finds that the
only difference with respect to the symmetric vertex is in N rr01 (before using
momentum conservation):
N rr01 = −i
∮ dz
2πi
1
z
h′r(z)
hr(z)− hr(0)
= −i
∮ dz
2πi
1
a1z2
(a1 + (a
2
1 + 2a2)z + ...)(1− (
1
2
a1 +
a2
a1
)z + ...)
= −i(1
2
a1 +
a2
a1
). (4.18)
As before, N rs01 can be redefined using momentum conservation s.t. N
rr
01 = 0.
One finds
redefined N01 :
N2101 = N
32
01 = N
13
01 =
1
2
eN00 +
ia2
a1
,
N1201 = N
23
01 = N
31
01 = −
1
2
eN00 +
ia2
a1
,
N rr01 = 0. (4.19)
(In appendix C it is shown that for the SCSV vertex a1 = i
√
3, a2 = i
√
3
2
, and
using (4.19) one recovers the Neumann coefficients given in section 3 (3.38).)
Finally, the Neumann coefficients of a cyclic vertex given by (4.13), (4.17)
and (4.19) satisfy conditions (3.24) and (3.25), and compatibility with the
effective action is guaranteed.
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5 Effective Action and String Field Theory
of the N = 2 String
In this section we sketch the construction of the three N = 2 closed string
vertex and derive from it the effective action of N = 2 strings in toroidal
backgrounds. The following discussing is far from complete as we ignore the
ghost dependence and picture changing. Yet, it is sufficient for comparison
with the effective action.
The critical N = 2 string has perhaps the simplest vertex operator al-
gebra of any string theory. This is because, unlike other string theories,
it contains a finite number of physical degrees of freedom [16, 17]. In the
toroidal background T 2,2, physical operators are specified by the lorentzian
momenta p [18]:
p = (pLs, pRt; pLt, pRs) ∈ Γ4;4, (5.1)
where Γ4;4 is an even self–dual lorentzian lattice with signature (4; 4); pIi is
a complex vector, I = L(R) for left–handed (right–handed) momenta, and
i = s(t) for space–like (time–like) components.
When both pL 6= 0 and pR 6= 0 the only vertex operators that may become
physical at some point in the moduli space of toroidal backgrounds are
Vp(X, X¯) = e
i(p·X¯+p¯·X), p2 = 0, (5.2)
where p2 is defined by the lorentzian scalar product (2.2), namely, p is a
non–zero null vector of the (4; 4) lattice. In (5.2) the dot product is
p · X¯ ≡ pLX¯L + pRX¯R, (5.3)
where p¯ is the complex conjugate of p, pX¯ is the lorentzian scalar product
(2.2), and X iL and X
i
R are the N = 2 (holomorphic and anti-holomorphic)
chiral superfields
X iL(Z, θ
−) = xiL(Z) + ψ
i
L(Z)θ
−, X iR(Z¯, θ¯
−) = xiR(Z¯) + ψ
i
R(Z¯)θ¯
−,
Z = z − θ+θ−, Z¯ = z¯ − θ¯+θ¯−. (5.4)
The superfield X¯ is obtained from X by complex conjugation (in field space)
together with interchanging θ+ ↔ θ−.
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The upper component of the N = 2 superfield Vp(X, X¯) (5.2) is
Vp(z, z¯) = (ipL∂x¯L − ip¯L∂xL − (pLψ¯L)(p¯LψL))
× (ipR∂x¯R − ip¯R∂xR − (pRψ¯R)(p¯RψR))ei(p·x¯+p¯·x). (5.5)
The operator (5.5) is on–shell when both p2L = 0 and p
2
R = 0. Given p ∈ Γ4;4
there is a point in the space of toroidal backgrounds where Vp is on–shell iff
p2 = 0 (see ref. [18]), and therefore, the operators (5.2) are the set of all
operators with pL 6= 0 and pR 6= 0 that may become physical.
When p = 0 there are discrete states [19, 18]
Vij(z, z¯) =
1
2
(∂xi∂¯x¯j + ∂¯xi∂x¯j). (5.6)
The discrete states (5.6) generate deformations of the metric moduli, and
are on–shell at any background. They can be formed from off–shell Vp’s by
choosing an appropriate normalization as p goes to zero [18].
In addition to Vij , there are discrete states that appear in particular
toroidal backgrounds [18]. They can be formed from off–shell Vp’s by choosing
an appropriate normalization as pR → 0 while p2L = 0, pL 6= 0 (and similarly
for pL → 0 while p2R = 0, pR 6= 0). They are given by the vertex operators
J i(pL,0) = (ipL∂x¯L − ip¯L∂xL − (pLψ¯L)(p¯LψL)) ∂¯xiR ei(pLx¯L+p¯LxL),
J¯ i(0,pR) = ∂x
i
L(ipR∂x¯R − ip¯R∂xR − (pRψ¯R)(p¯RψR))ei(pRx¯R+p¯RxR). (5.7)
The discrete states in (5.7) give rise to exact gauge symmetries.
We are now ready to expand the N = 2 string field in terms of all the Fock
space states that may become physical modes in some toroidal background.
In the 0–picture:
|Φ > = ∑
p2=0
φpVp|0 > +
∑
ij
GijVij |0 >
+
∑
i,p2=0
AipJ
i
p|0 > +
∑
i,p2=0
A¯ipJ¯
i
p|0 > . (5.8)
Here J ip and J¯
i
p are the extensions of (5.7) to off–shell momenta p. The terms
involving the gauge fields Aip (A¯ip) are summed over all momenta p ∈ Γ4;4
that may become of the form (pL, 0), p
2
L = 0, pL 6= 0 ((0, pR), p2R = 0, pR 6= 0)
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at some point of the moduli space of toroidal backgrounds; those are also the
set of non–zero null vectors of Γ4;4, and therefore we sum over p2 = 0 in
(5.8).6
Following the discussion in section 3, the three N = 2 string vertex is
determined by the parameter a in (3.3) (because higher oscillations of the
N = 2 string are never physical), and the cubic interaction for a cyclic vertex
is
S3(N = 2) = Sφφφ + SGφφ + SAφφ,
Sφφφ =
1
3
∑
p1,p2,p3
a−
1
2
∑3
r=1
p2
Lr a¯−
1
2
∑3
r=1
p2
Rr δp1+p2+p3,0
× 1
4
(pL2p¯L3 − pL3p¯L2)(pR2p¯R3 − pR3p¯R2)φp1φp2φp3,
SGφφ =
1
4
∑
p
a−p
2
L a¯−p
2
R(piLp¯
j
R + p¯
i
Lp
j
R)Gijφpφ−p,
SAφφ =
1
3
∑
p1,p2,p3
a−
1
2
∑3
r=1
p2
Lr a¯−
1
2
∑3
r=1
p2
Rr δp1+p2+p3,0
× 1
2
[(pL2p¯L3 − pL3p¯L2)piR1Aip1φp2φp3
+ (pR2p¯R3 − pR3p¯R2)piL1A¯ip1φp2φp3]. (5.9)
The sums in (5.9) are only over the momenta appropriate to each of the
fields φp, Aip, A¯ip as discussed above. The first term in (5.9) arises from the
off–shell three point function 7 (3.4)
Vp1,p2,p3 = < 0|h3(Vp1(0))h2(Vp2(0))h1(Vp1(0))|0 >
=
1
4
a−
1
2
∑3
r=1
p2
Lr a¯−
1
2
∑3
r=1
p2
Rr
6 We can extend the sums in (5.8) to all p ∈ Γ4;4; the modes with p2 6= 0 will then
be eliminated by the δ(L0 − L¯0, 0) in the three string vertex. With this extension we
have a one to one correspondence between modes of the string field and elements of the
volume–preserving diffeomorphism algebra of T 4;4 (see ref. [18]).
7 More precisely, one calculates tree–level correlation functions by inserting Vp at n
points on the sphere, and integrating over their positions modulo global superconformal
transformations. One then finds that two of the Vp’s in (5.10) are in the (−1,−1)–picture,
namely, V
(−1,−1)
p ≡ cc¯e−φ+e−φ−e−φ¯+e−φ¯−ei(p·x¯+p¯·x), where c is the spin −1 ghost of the
(b, c) system, and φ+, φ− are the two scalars used in bosonizing the spin 3/2,−1/2 ghosts
(β±, γ±) of the N = 2 string [20].
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× δp1+p2+p3,0(pL2p¯L3 − pL3p¯L2)(pR2p¯R3 − pR3p¯R2). (5.10)
The second term in (5.9) arises from the off–shell three point function
V(ij),p,−p = < 0|h3(Vij(0))h2(Vp(0))h1(V−p(0))|0 >
=
1
2
a−p
2
L a¯−p
2
R(piLp¯
j
R + p¯
i
Lp
j
R). (5.11)
The third term in (5.9) arises from the off–shell three point functions
V(ip1),p2,p3 = < 0|h3(Jip1(0))h2(Vp2(0))h1(Vp3(0))|0 >
=
1
2
a−
1
2
∑3
r=1
p2
Lr a¯−
1
2
∑3
r=1
p2
Rr δp1+p2+p3,0(pL2p¯L3 − pL3p¯L2)piR1,
V(¯ip1),p2,p3 = < 0|h3(J¯ip1(0))h2(Vp2(0))h1(Vp3(0))|0 >
=
1
2
a−
1
2
∑3
r=1
p2
Lr a¯−
1
2
∑3
r=1
p2
Rr δp1+p2+p3,0 p
i
L1(pR2p¯R3 − pR3p¯R2).
(5.12)
At the decompactification limit the target–space is R2,2, and piL = p
i
R ≡ pi
is a continuous space–time momentum. After performing a Fourier transform
from momentum space to coordinate space S3(N = 2) becomes
Sdec3 =
∫
d2x1d
2x2
1
2
Gij¯(e−log|a|η
kl¯∂k∂l¯∂iφ)(e
−log|a|ηkl¯∂k∂l¯∂j¯φ)
+
1
3
ǫijǫi¯j¯(e−log|a|η
kl¯∂k∂l¯φ)(e−log|a|η
kl¯∂k∂l¯∂j∂i¯φ)(e
−log|a|ηkl¯∂k∂l¯∂i∂j¯φ)
+
1
3
ηij¯η i¯j(e−log|a|η
kl¯∂k∂l¯φ)(e−log|a|η
kl¯∂k∂l¯∂i∂j¯φ)(e
−log|a|ηkl¯∂k∂l¯∂j∂i¯φ).
(5.13)
The factors e−log|a|η
kl¯∂k∂l¯ in (5.13) can be eliminated by an appropriate
field redefinition (see explanation in section 3) 8. Such a field redefinition
8 The field redefinition (3.35) is singular in the decompactification case due to the factor
1
p2
, but an appropriate regular field redefinition can be done by replacing (3.35) with Zp =
zp− g3
∑
q
(
e−Ap
2
−1
p2
)
zqz−p−q[f(p, q)e
−A(q2+(p+q)2)+f(q, p)e−A(p+q)
2
+f(−p−q, q)]+o(z3).
The factor e
−Ap2
−1
p2
is not singular in such a field redefinition.
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introduces higher order terms in the new field φ. After eliminating the ex-
ponents, and for Gij¯ = ηij¯, one can get rid of the third term in (5.13) by an
additional field redefinition
φ→ φ+ 1
3
ηij¯φ∂i∂j¯φ. (5.14)
The field redefinition (5.14) also introduces higher order terms in the new
field φ. Now, dropping four and higher order terms in (5.13) one recovers the
effective action presented in [17]:
Seff =
∫
d2x1d
2x2
(
1
2
ηij¯∂iφ∂j¯φ+
1
3
ǫijǫi¯j¯φ∂j∂i¯φ∂i∂j¯φ
)
. (5.15)
The gauge fields do not appear explicitly in (5.13),(5.15); they can be
introduced via a Ka¨hler transformation [18]
∂φ→ ∂φ + A, ∂¯φ→ ∂¯φ+ A¯. (5.16)
In Minkowski background the transformation (5.16) introduces total deriva-
tives.
So far, we have discussed only the three–point functions. It turns out
that four–point and probably also higher–point amplitudes of the operators
Vp (5.2) vanish [17, 21, 20]. This fact is already predicted by the effective
action (5.15) and it is thus believed to be correct to all orders. However, in
the action Sdec3 (5.13) we get extra terms of the form η...ηφ...φ. These terms
should be canceled against higher order interactions of (off–shell) Vp’s and
discrete states Vij, when including the higher string vertices of the N = 2
closed string field theory.
Before ending this section, we remark that the kinetic term in the effective
action (5.15) can be derived, alternatively, from the quadratic term of the
N = 2 string field theory. Schematically,
12 < R|Q|Φ >1 |Φ >2 ∼
∑
p
(pLp¯L + pRp¯R)φpφ−p, (5.17)
where |R >12 is the two string reflector, and Q is the N = 2 BRST operator.
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6 Summary and Discussion
In this section we summarize the main points and present a discussion about
this work. The structure of the scalar potential in gauged D = 4, N = 4
supergravity coupled to matter is fixed once the gauge algebra is given. This
was used in order to derive a non–trivial check for the compatibility of SFT
and effective actions to cubic order. It would be interesting to check the
compatibility of higher order interactions as well. For that purpose one
needs to work with the four (and higher) closed string vertex, and integrate
out massive modes to derive an effective action. Assuming that the effective
action is compatible with SFT to all orders we hope to useD = 4 supergravity
to study some important problems in SFT. This is left for a future work; here
we discuss some of the open problems.
By inserting the quadratic constraint (2.6) into the scalar potential (2.7),
V (Z) becomes non–polynomial in the physical fields. The structure of V (Z)
might be used to understand the non–polynomiality of closed string field the-
ory. Moreover, the effective action of N = 4 heterotic strings is completely
duality invariant when the gauge algebra is the lorentzian lattice algebra of
the Narain lattice Γ6,22 [2]. The infinite dimensional gauge symmetry is spon-
taneously broken at any point in the moduli space of toroidal backgrounds.
The generalized duality transformations are residual discrete symmetries of
the broken gauge algebra [22]. As expected, a similar phenomenon occurs in
string field theory: target-space duality as a symmetry of string field theory
was discussed recently for the α = p+ HIKKO string field theory in toroidal
backgrounds in ref. [10].
The nature of the infinite gauge algebra suggests that (for toroidal back-
grounds) the underlying invariance principle of SFT has to do with an alge-
bra defined on the Narain torus of compactification. Such is the case also for
the N = 2 strings, for which an underlying off–shell algebra isomorphic to
vdiff(T 4,4) was suggested [18].
Another important point is the question of background independence.
The effective action of N = 4 heterotic strings is manifestly background
independent, namely, it is independent of the toroidal background around
which it is formulated. Different backgrounds correspond to different classi-
cal solutions, and are interpolated by changing expectation values of scalar
fields at the minimum of the potential. The infinite gauge algebras in differ-
ent backgrounds are isomorphic, although there are different unbroken gauge
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groups in different backgrounds. We expect a similar phenomenon to occur
in string field theory. However, in SFT the spin one ultra–massive gauge
fields are replaced with the higher spin stringy modes, and revealing the un-
derlying symmetry is harder.
We have shown that quadratic and cubic interactions in SFT of the fields
Zap and Z
aI
p=0 are compatible with the N = 4 supergravity effective action for
any cyclic vertex. Including the fields ZaIp , p 6= 0 in the cubic interaction
derived from SFT (3.33) (in addition to p = 0) gives some interesting results.
For example, it gives the leading order of a D = 10 supergravity in the
decompactification limit, as was speculated in [2]. It would be interesting to
study further the structure of cubic interactions that involve these fields.
A cyclic vertex is defined by a single map h(z) = eO(z), where O(z) =
a1z+a2z
2+o(z3) (4.4). The parameter a1 in the three string vertex gives rise
to a scale factor e
−log(
√
3
|a1| )
∑3
r=1
p2
L(r) (3.28) in the cubic interaction. Although
apparently this factor is not compatible with effective actions, there is a
(non–linear) field redefinition (3.35) which gets rid of it to cubic order, and
therefore, a cyclic three string vertex is compatible with effective actions
for any scale factor. It would be interesting to study compatibility of the
quadratic and cubic interactions using a general three string vertex.
The parameter a1 specify the scaling factor of the map from the three
unit discs (or semi–infinite cylinders) to the sphere. An overlap Witten ver-
tex (namely, the three discs cover precisely the complete sphere) has a scale
factor a1 = 4/3 (see appendix B (B.3)). There are good reasons to believe
that an overlap vertex is preferable, but we did not find a restriction like that
arising from cubic order effective actions.
For the N = 2 string we have included in the string field |Φ > (5.8) all the
modes that may become physical somewhere in the moduli space of toroidal
backgrounds. Therefore, assuming this is all one needs for a consistent string
field theory, the N = 2 string field theory is equivalent to its effective action.
We have found that the effective action in Minkowski background agrees
with the covariant closed string field theory to cubic order if we make an
appropriate field redefinition. The non–linear field redefinition introduces
higher order interactions. The higher order interactions found by studying
the three string vertex must be canceled when including the higher string
26
vertices of the (non–polynomial) covariant string field theory.
Finally, it is important to understand better the role of the discrete states
in N = 2 string field theory, and the way they fit into a background indepen-
dent formulation. A similar difficulty arises when studying effective actions
of the d = 2 string [23]. It may also be interesting to generalize this work
to curved backgrounds, both for the N = 2 strings and the N = 1 heterotic
string.
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Appendix A - Useful Formulas
In this appendix we present some useful formulas that help in particular in
deriving eq. (3.17).
Hermitian conjugation of the oscillators α and α¯ in (3.9) is given by
α†n = α−n, α¯
†
n = α¯−n. (A.1)
The commutation relations of the oscillators with E†123 (the hermitian con-
jugate of (3.9)) are:
[αa(r)n , E
†
123] =
∑
s
n(
∑
m>0
N rsnmα
a(s)
−m +N
rs
n0α
a(s)
0 ),
[α¯I(r)n , E
†
123] =
∑
s
n(
∑
m>0
N¯ rsnmα¯
I(s)
−m + N¯
rs
n0α¯
I(s)
0 ), (A.2)
where n > 0 in (A.2). Also
[αa(r)n , e
E†123 ] = [αa(r)n , E
†
123]e
E†123 ,
[α¯I(r)n , e
E†123 ] = [α¯I(r)n , E
†
123]e
E†123 , (A.3)
where n > 0 in (A.3).
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The zero modes α0 and α¯0 are operators which pick up values in the
Narain lattice of compactification in the following way:
1 < p| 2 < p| 3 < p|αa(r)0 |0 >123= δp1+p2+p3,0 paL(r),
1 < p| 2 < p| 3 < p|α¯I(r)0 |0 >123= δp1+p2+p3,0 pIR(r). (A.4)
(In the literature α0 is sometimes identified with ip, and this gives rise to
relative i factors in the formulas used in different works.)
We end this appendix with a simple symmetry of the Neumann coeffi-
cients, which is used repeatedly in the calculations:
N rsnm = N
sr
mn. (A.5)
Appendix B - Witten Vertex
In this appendix we derive the map h(z) in eq. (4.1) for Witten vertex and
compute the Neumann coefficients.
The three string Witten vertex is a symmetric overlap vertex, namely,
the images of the three unit discs mapped to the sphere by h1, h2 and h3
in (4.1) cover precisely the complete sphere. With the three punctures at
z = 1, ρ, ρ¯, where ρ = e
2pii
3 , the map h(z) is manifestly cyclic symmetric, and
thus map the unit disc |z| ≤ 1 onto one third of the complex plan containing
the puncture at z = 1 (see figure 1), namely
h(z) =
(
1 + z
1− z
) 2
3
. (B.1)
Expanding in z
h(z) = 1 +
4
3
z +
8
9
z2 + o(z3), (B.2)
and comparing with the parametrization h(z) = 1+a1z+(
1
2
a21+a2)z
2+o(z3)
in (4.4) one finds
a1 =
4
3
, a2 = 0. (B.3)
From eq. (3.29) one finds a = 3
√
3
4
, which is compatible with the relation
(4.14).
Inserting (B.3) in (4.13),(4.17) and (4.19) one finds the Neumann coeffi-
cients presented in section 3 (3.30), (3.31) and (3.32).
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Appendix C - SCSV Vertex
In this appendix we derive the map h(z) in eq. (4.1) for SCSV vertex and
compute the Neumann coefficients.
The SCSV vertex is a (non–symmetric) cyclic vertex defined by the map
h(z) = z when the three punctures are at z = 0, 1,∞. To derive the SCSV
vertex with the three punctures at z = 1, ρ, ρ¯, where ρ = e
2pii
3 , we act on h(z)
with the SL(2, C) transformation which maps 0 → 1, 1 → ρ and ∞ → ρ¯.
One finds
h(z) =
1 + ρz
1 + ρ¯z
, (C.1)
and expanding in z
h(z) = 1 + i
√
3z + (i
√
3
2
− 3
2
)z2 + o(z3). (C.2)
Comparing with the parametrization h(z) = 1 + a1z + (
1
2
a21 + a2)z
2 + o(z3)
in (4.4) one finds
a1 = i
√
3, a2 = i
√
3
2
. (C.3)
Inserting (C.3) in (4.13),(4.17) and (4.19) one finds the Neumann coefficients
N rs11 =
a21
3
= −1, for r 6= s
N2101 = N
32
01 = N
13
01 =
a1
2
√
3
+
ia2
a1
= i,
N2101 = N
23
01 = N
31
01 = −
a1
2
√
3
+
ia2
a1
= 0,
N rs00 = δ
rslog
a1√
3
= δrslogi, (C.4)
and the rest of the Neumann coefficients are 0. The N ′s in (C.4) are the
Neumann coefficients presented in section 3 (3.38).
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FIGURE CAPTIONS
Figure 1:
The maps h1, h2, h3 from the coordinate systems z1, z2, z3 to the z–plane for
Witten vertex with punctures at z = 1, ρ, ρ¯, ρ = e
2pii
3 .
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